Bent functions as optimal combinatorial objects are difficult to characterize and construct. In the literature, bent idempotents are a special class of bent functions and few constructions have been presented, which are restricted by the degree of finite fields and have algebraic degree no more than 4. In this paper, several new infinite families of bent functions are obtained by adding the the algebraic combination of linear functions to some known bent functions and their duals are calculated. These bent functions contain some previous work on infinite families of bent functions by Mesnager [33] and Xu et al. [42] . Further, infinite families of bent idempotents of any possible algebraic degree are constructed from any quadratic bent idempotent. To our knowledge, it is the first univariate representation construction of infinite families of bent idempotents over F 2 2m of algebraic degree between 2 and m, which solves the open problem on bent idempotents proposed by Carlet [9] . And an infinite family of anti-self-dual bent functions are obtained. The sum of three anti-self-dual bent functions in such a family is also anti-self-dual bent and belongs to this family. This solves the open problem proposed by Mesnager [33] .
I. INTRODUCTION
Boolean bent functions introduced by Rothaus [40] in 1976 are an interesting combinatorial object with the maximum Hamming distance to the set of all affine functions. Such functions have been extensively studied because of their important applications in cryptograph (stream ciphers [8] ), sequences [36] , graph theory [38] , coding theory ( Reed-Muller codes [15] , two-weight and three-weight linear codes [2] , [18] ), and association schemes [39] . A complete classification of bent functions is still elusive. Further, not only their characterization, but also their generation are challenging problems. Much work on bent functions are devoted to the construction of bent functions [4] , [5] , [6] , [8] , [11] , [13] , [14] , [16] , [17] , [19] , [22] , [23] , [24] , [25] , [27] , [29] , [30] , [31] , [32] , [33] , [34] , [43] .
Idempotents introduced by Filiol and Fontaine in [20] , [21] are Boolean functions over F 2 n such that for any x ∈ F 2 n , f (x) = f (x 2 ). Rotation symmetric Boolean functions, which was also introduced by Filiol and Fontaine under the name of idempotent functions and studied by Pieprzyk and Qu [37] , are invariant under circular translation of indices. Due to less space to be stored and allowing faster computation of the Walsh transform, they are of great interest. They can be obtained from idempotents (and vice versa) through the choice of a normal basis of F 2 n . Characterizing and constructing idempotent bent functions and rotation symmetric bent functions are difficult and have theoretical and practical interest. In the literature, few constructions of bent idempotents have been presented, which are restricted by the degree of finite fields and have algebraic degree no more than 4. Carlet [9] introduced an open problem: how to construct classes of bent idempotents over F 2 2m of algebraic degree between 5 and m.
Bent functions always occurs in pairs. In fact, the dual of a given bent function is also a bent function. Generally, the calculation of the dual of a given bent function is difficult. As a subclass of bent functions, self-dual bent functions (resp. anti-self-dual bent functions ) coincide with their dual (resp. have a very simple way with their dual). They are interesting and can be used to construct new bent functions. Mesnager [33] proposed an open problem: find three anti-self-dual bent functions f 1 , f 2 , and f 3 over F 2 2m such that f 1 + f 2 + f 3 is anti-self-dual bent.
In this paper, we consider bent functions of the form f (x) = g(x) + F (Tr n 1 (u 1 x), Tr n 1 (u 2 x), · · · , Tr n 1 (u τ x)), where g(x) is some known bent function, n = 2m, τ is a positive integer such that 1 ≤ τ ≤ m, u 1 , u 2 , · · · , u τ ∈ F × 2 2m , and F (X 1 , X 2 , · · · , X τ ) ∈ F 2 [X 1 , X 2 , · · · , X τ ]. Mesnager [33] studied the case that F (X 1 , X 2 ) = X 1 X 2 . Xu et al. [42] studied the case F (X 1 , X 2 , X 3 ) = X 1 X 2 X 3 . We consider the general case. First, from some known bent functions, we present several new infinite families of bent functions by calculating their duals. Second, from any quadratic idempotent bent function, we get infinite families of bent idempotents over F 2 2m of algebraic degree between 2 and m. univariate representation construction of infinite families of bent idempotents over F 2 2m of algebraic degree between 2 and m, which solves the open problem proposed by Carlet [9] . Third, we present an infinite family of anti-self-dual bent functions over F 2 2m of algebraic degree between 2 and m − 1. If f 1 , f 2 , and f 3 are anti-self-dual bent functions of this family, then f 1 + f 2 + f 3 is also anti-self-dual bent and belongs to this family. Hence, we solve the open problem proposed by Mesnager [33] . The rest of the paper is organized as follows: Section II introduces some basic notations and results on Boolean bent functions, bent idempotents, and self-dual bent functions (anti-self-dual bent functions). Section III, we present our concrete construction of several new infinite families of bent functions. Concretely, in Section III-A, a new infinite family of bent functions from Kasami bent functions is obtained, which gives an infinite family of bent idempotents and an infinite family of anti-self-dual bent functions. We obtain an infinite family of bent functions and bent idempotents from any quadratic idempotent bent function in Section III-B, a new infinite family of bent functions from Gold-like monomial functions in Section III-C, a new infinite family of bent functions from Niho exponents in Section III-D, and a new infinite family of bent functions from the Maiorana-Mcfarland class of bent functions in Section III-E. Section IV makes a conclusion.
II. PRELIMINARIES
Let n = 2m be a positive integer, F 2 2m denote the finite field with 2 2m elements, and F × 2 2m = F 2 2m \{0}. For any positive integer k|n, the trace function from F 2 n to F 2 k , denoted by Tr n k , is the mapping defined as : A Boolean function f (x) defined on F 2 n is a mapping from F 2 n to F 2 . Every nonzero f (x) has a unique univariate representation of the form
where a 0 , a 2 n −1 ∈ F 2 and a 2j = a 2 j , and j ∈ Z/(2 n −1)Z. The univariate representation can be written as a trace representation of the form
where • Γ n is the set of integers obtained by choosing one element in each cyclotomic class of 2 modulo 2 n − 1 (j is often chosen as the smallest element in its cyclotomic class, called the coset leader of the class);
• o(j) is the size of the cyclotomic coset of 2 modulo 2 n − 1 containing j;
• a 2 n −1 = 0 or 1. We also have f (x) = Tr n 1 (P (x)) for some polynomial P (x), which is not a unique representation.
is often represented by the algebraic normal form (ANF):
A polynomial in F 2 [X 1 , X 2 , · · · , X n ] with the form in Equation (1) is called a reduced polynomial.
The algebraic degree of a Boolean function f is the global degree of its algebraic normal form. And the algebraic degree of f can also be expressed as max{wt 2 (j) : a j = 0}, where wt 2 (j) is the Hamming weight of the binary expression of j and a j is in the trace representation or univariate representation of f . The following lemma is used to determine the algebraic degree of some Boolean functions.
Lemma 2.1: Let τ be a positive integer such that 1 ≤ τ ≤ m, u 1 , u 2 , · · · , u τ ∈ F × q be linearly independent over F 2 , and
has algebraic degree d.
Proof: Since u 1 , u 2 , · · · , u τ are linearly independent, there exist u τ +1 , · · · , u n such that u 1 , u 2 , · · · , u n form a basis of F q over F 2 . Thus, for any u ∈ F q , there exists c i ∈ F 2 such that u = n i=1 c i u i . Define a mapping σ :
where
The algebraic degree of a Boolean function under a nondegenerate mapping keeps unchanged. Hence, F (Tr
For a Boolean function f (x) and a normal basis {u,
is rotation symmetric if and only if f (x) is an idempotent. The bivariate representation is based on the identification F 2 2m ≈ F 2 m × F 2 m and has the form
The simple representation f (x, y) = Tr m 1 (P (x, y)) exists but not unique, where P (x, y) ia a polynomial over F 2 m . The Walsh transform of a Boolean function calculates the correlations between the function and linear Boolean functions. For the univariate trace representation over F 2 n , the Walsh transform of f is
For the bivariate trace representation over F 2 m × F 2 m , the Walsh transform of f is
f (x,y)+Tr n 1 (β1x+β2y) .
For the multivariate representation over
The inverse Walsh transform of
Then (−1) f (x1,x2,··· ,xn) can be expressed by the linear combination of (−1) x1y1+x2y2+···+xnyn . This representation is unique and is vital in this paper. And we rewrite this in the following lemma.
Lemma 2.2: Let τ be a positive integer and
There exists a unique set of c w ∈ C satisfying that (−1)
n/2 for any β ∈ F 2 n . If f is an idempotent, then f is called a bent idempotent or an idempotent bent function.
Bent functions exist only for an even number of variables. For a bent function defined over F 2 n , its dual is the Boolean function
. The dual of a bent function is also bent. Thus, Boolean bent functions occur in pairs. Determining the dual of a bent function is difficult. A bent function is called self-dual (resp. anti-self-dual) if f = f (resp. f = f + 1).
III. SEVERAL NEW INFINITE FAMILIES OF BENT FUNCTIONS AND BENT IDEMPOTENTS
In this section, we generalize the construction of infinite families of bent functions by Mesnager [33] and Xu et al. [42] and construct several new infinite families of bent functions and bent idempotents from some known bent functions.
Let n = 2m, g(x) be a Boolean bent function over F 2 2m , τ be a positive integer such that 1 ≤ τ ≤ m, X 1 , X 2 , · · · , X τ be τ variables, and
We will study Boolean functions over F 2 2m of the form
F (X1,X2,··· ,Xτ ) has the unique Fourier expansion, i.e., there exists a unique set of c w ∈ C such that
Multiplying both sides of Equation (3) by (−1)
Further, we have
For different bent functions g(x), we compute W f (β) and construct new infinite families of bent functions.
A. New bent functions from Kasami functions
Let n = 2m (m ≥ 2). The Kasami function [33] is a bent function of the form g(x) = Tr
Then we will characterize the bentness of functions of the form
is a reduced polynomial. In the following theorem, we present a construction of a new family of bent functions from the Kasami functions and compute their duals.
Theorem 3.1: Let n = 2m, τ be a positive integer such that
i u j ) = 0 for any 1 ≤ i < j ≤ τ , the function defined in Equation (5) is bent and its dual is
From properties of the trace function,
From Equation (2),
Hence, f (x) is bent and its dual is
Then the function f (x) defined in Equation (5) is bent and its dual is
Proof: Note that u i ∈ F 2 m and Tr
Hence, this corollary follows. Theorem 3.3: Let n = 2m, u be a normal element of F 2 m , and
is a bent idempotent. And its dual 
Similarly, f (x 2 ) = f (x). f (x) and f (x) are both idempotents. If d ≥ 2, from Lemma 2.1, then f (x) is a bent idempotent of algebraic degree d.
Hence, this theorem follows.
Corollary 3.4:
is a bent idempotent of algebraic degree d.
Proof: From Theorem 3.3, we just take F (X 1 , X 2 , · · · , X m ) as the d-th elementary symmetric polynomial and obtain this corollary.
Corollary 3.5:
is bent and its dual is
Proof: From Corollary 3.2 and τ = m, this corollary follows. Corollary 3.6: Let n = 2m, τ be a positive integer such that 2 ≤ τ ≤ m, and λ, u 1 , u 2 , · · · , u τ ∈ F × 2 m , where u i are linearly independent over F 2 . Then the function
is bent of algebraic degree τ and its dual is
Proof: From Corollary 3.2, this corollary follows. 
are anti-self-dual bent functions. From Corollary 3.7, f 1 + f 2 + f 3 is also anti-self-dual bent. This solves the open problem proposed by Mesnager [33] .
B. New bent functions and bent idempotents from quadratic bent idempotents
Let g(x) be a quadratic idempotent bent function of the form
where ε ∈ F 2 and c i ∈ F 2 (i = 0, 1, · · · , m). The dual of a quadratic bent function is also a quadratic bent function. Let g(x) be the dual of g(x). The following lemma shows that if g(x) is idempotent, then g(x) is also idempotent. Lemma 3.8: Let g(x) be a bent idempotent. Then g(x) is also a bent idempotent.
Proof: The Walsh transform of g is
is bent, then
i.e., g(β 2 ) = g(β). Hence, g(x) is also idempotent bent. From Lemma 3.8, we have
In this subsection, we consider functions of the form
where g(x) is defined in Equation (6), τ is a positive integer such that
Theorem 3.9: Let n = 2m, τ be a positive integer such that 1 ≤ τ ≤ m, g(x) be quadratic idempotent bent of the form
Then the function f (x) defined in Equation (7) is bent.
Proof: From Equation (4),
When u ∈ F 2 m , we have Tr
Hence, f (x) is bent. Theorem 3.10: Let n = 2m, g(x) be quadratic idempotent bent of the form (6), u be a normal element of F 2 m , and
is a bent idempotent of algebraic degree d. Proof: From Theorem 3.9, f (x) is bent. Since u is a normal element of F 2 m and F (X 1 , X 2 , · · · , X m ) is rotation symmetric, we can verify that
Hence, f is idempotent. When d ≥ 2, from Lemma 2.1, the algebraic degree of f (x) is d.
Remark
The quadratic idempotent bent function g(x) is required in the construction. Ma et al. [26] proved that g(x) is bent if and only if gcd(
This condition is equivalent to that the linearized polynomial
m is a permutation polynomial (a necessary condition is that L(1) = 0, i.e., c m = 1).
If n is a power of 2, then according to [41] 
and rotation symmetric polynomial F (X 1 , X 2 , · · · , X n ), the function in Theorem 3.10 of the form
is always idempotent bent. Note that more results, valid for more general values of n, can be found in [43] .
C. New bent functions from Gold-like monomial functions
Mesnager [33] showed that the monomial function g(x) = Tr
is self-dual bent, i.e., for any β ∈ F 2 4k , the dual g(β) = Tr
In the following theorem, we present a construction of a new family of bent functions from the Gold-like monomial function and compute their duals.
Theorem 3.11: Let n = 4k, k be positive integers, τ be a positive integer such that 1 ≤ τ ≤ 2k, λ ∈ F 2 4k such that λ+λ
Note that
Hence, f (x) is bent and its dual is f (x) = Tr 4k 1 (λx
D. New bent functions from Niho exponents
Leander and Kholosha [24] introduced a class of bent functions of the form
where (k, m) = 1.
where α + α In the following theorem, we present a construction of a new family of bent functions from the Niho exponents and compute their duals.
Theorem 3.12: Let n = 2m, k be a positive integer satisfying (k, m) = 1, τ be a positive integer such that 1 ≤ τ ≤ m,
is bent. Proof: Note that
From the dual g(x),
where A = 1 + β + β 2 m . From Equation (4), we have
Corollary 3.13: Let n = 2m, k be a positive integer satisfying (k, m) = 1, u be a normal element of F 2 m , and
E. New bent functions from the Maiorana-McFarland class of bent functions
The Maiorana-McFarland class of bent functions are defined over F 2 m × F 2 m of the form g(x, y) = Tr m 1 (xπ(y)) + h(y), where π : F 2 m −→ F 2 m is a permutation and h is a Boolean function over F 2 m . Its Walsh transform is
And its dual [8] is g(x, y) = Tr
In the following theorem, we present a construction of a new family of bent functions from the Maiorana-McFarland class of bent functions and compute their duals.
Theorem 3.14: Let n = 2m, τ be a positive integer such that
be linearly independent over F 2 , π be a linear permutation polynomial over F 2 m , and 
Proof: Note that
i )) = 0 and Equation (4), we have
Hence, f (x) is bent and its dual is f (x, y) = Tr i , u (2) i ) ∈ F 2 s × F 2 s (1 ≤ i ≤ τ ) be linearly independent over F 2 , and F (X 1 , X 2 , · · · , X τ ) be a reduced polynomial in F 2 [X 1 , X 2 , · · · , X τ ], where for any 1 ≤ i, j ≤ τ , u 2 )+u (2) i (β From Equation (2), W f (β) = 2 m (−1) g(β1,β2)+F (X1,X2,··· ,Xτ ) .
Hence, f (x) is bent.
IV. CONCLUSION
In this paper, we generalize previous work on the constructions of infinite families of bent functions [33] , [42] and construct several infinite families of bent functions from known bent functions (the Kasami functions, quadratic idempotent bent functions, bent functions via Niho exponents, the Gold-like monomial functions, and the Maiorana-McFarland class of bent functions). These bent functions contain some previous bent functions by Mesnager [33] and Xu et al. [42] . Further, several infinite families of bent idempotents of any possible algebraic degree are obtained from any quadratic bent idempotent, which solves the open problem proposed by Carlet [9] . And an infinite family of anti-self-dual bent functions are constructed. Take three anti-self-dual bent functions f 1 , f 2 , and f 3 in such a family, then f 1 + f 2 + f 3 belongs to this family, i.e., f 1 + f 2 + f 3 is anti-self-dual bent. This solves the open problem proposed by Mesnager [33] .
